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Time-Optimal Lateral Maneuvers of an Aircraft

Yigang Fan,* Frederick H. Lutze,1^ and Eugene M. Cliff*
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

Results and analysis are presented from a study of time-optimal lateral maneuvers for an aircraft during the
power-on-approach-to-landing portion of the flight, typically used for landing on an aircraft carrier. A full six-
degree-of-freedom model is used to model the motions of the aircraft. The optimal control problems of interest
are formulated and a family of optimal solutions obtained for two classes of lateral maneuvers. These include
an unconstrained maneuver and one with bank-angle and sideslip-angle constraints imposed on the approach
trajectory. The control powers of elevator, rudder, and aileron are varied individually, and thus an estimate of the
change in downrange distance to perform the lateral maneuvers due to the control power change is obtained.
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Nomenclature
= wing span, ft
= drag coefficient
= lift coefficient
= roll moment coefficient
: pitch moment coefficient
= yaw moment coefficient
= side force coefficient
: mean aerodynamic chord, ft
: gravity acceleration, ft/s2

= principal moments of inertia, slug ft2

= Mach number
: mass, slug
= body roll, pitch, and yaw rates, deg/s
= reference area, ft2

= engine thrust, Ib
: maximum thrust, Ib
= speed of sound, ft/s
= aircraft position coordinates, ft
= angle of attack, deg
= sideslip angle, deg
= aileron deflection, deg
= elevator deflection, deg
= rudder deflection, deg
: fraction of maximum thrust defined as T/ Tm
- density of air, slug/ft3

0, 0, V" = bank, pitch, and heading angles, deg
X, y, M = wind axes orientation angles, deg

I. Introduction

SUCCESSFUL landings are generally achieved by ensuring that
the speed, glide slope, and runway alignment are within some

tolerances during the approach-to-landing portion of the flight. The
tolerances allowed are subject to the skills of the pilot, the length
and width of the runway, and possibly the wind conditions. These
tolerances are probably at their minimum when considering a fighter
aircraft approaching a carrier landing. In these cases there are many
aids to help the pilot to stay within some specified limits, and if
not within these limits, the landing aborted. Although there have
been several studies for determining the important factors that in-
fluence the probability of having a successful carrier landing,1 and
even more recently, studies have been done that develop automatic
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controls for carrier landing configuration,2 there has been little effort
to determine optimal maneuvers for recovering from offsets during
a carrier landing approach. This paper deals with the optimal lat-
eral maneuver and, to be more specific, the minimum time lateral
maneuver. There are several reasons why such a study is of interest.
These include establishing a best maneuver against which to judge
actual pilot techniques, determining limits on which to base abort
requirements, determining how such limits are affected by changing
control power about the different axes, and determining how these
limits change due to operational constraints such as maximum bank
and sideslip.

These maneuvers are generally short and transient in nature, and
so the usual methods of optimal trajectory analysis that include
reducing the order of the system by assuming point mass models
cannot be used if valid results are to be obtained. In addition the
maneuvers are short enough that even the control surface rate limits
should be considered. Hence the model considered in this study is
a full six-degree-of-freedom model with the controls consisting of
elevator, rudder, and aileron for moment control and thrust level
for longitudinal acceleration control. All of these controls have de-
flection or magnitude limits in addition to rate limits imposed on
them. The aerodynamic models are basically linear with constant
coefficients since the speed does not change significantly during
the maneuver. In the study, an aerodynamic database for the F/A-18
high angle-of-attack research vehicle (HARV) is used. Accordingly,
the numerical results correspond to this aircraft. However, the dis-
cussion and methodology presented in the following sections are
quite general.

Aircraft maneuvers have been studied by many researchers. But
very few of them used the full six-degree-of-freedom model to ex-
plore complicated maneuvers for practical aircraft. Bocvarov et al.3
studied a complicated reorientation maneuver for an aircraft, but
they neglected the translational motion of the aircraft and only the
rotational motion was analyzed. Dwyer and Lutze4 are probably the
first to use a six-degree-of-freedom model in aircraft maneuver stud-
ies and consider the magnitude and rate constraints on the control
inputs. But the maneuvers they have explored are not very compli-
cated. So the work presented in this paper is a further development
of these previous works.

A mathematical model of the aircraft and the associated aerody-
namic forces and moments are presented in Sec. II. The basic ideas
and assumptions of the full six-degree-of-freedom model are dis-
cussed. In Sec. Ill, the practical problems of interest for landing on an
aircraft carrier are formulated and two classes of lateral maneuvers
discussed. In Sec. IV, the optimal control problems of interest are
formulated and optimal solutions are obtained by using the graphical
environment for solving optimization problems (GESOP) code. In
Sec. V, results relating to a family of optimal solutions for two classes
of lateral maneuvers during approach configuration are presented.
The change in downrange distance to perform the lateral maneuvers,
due to the individual variation of the control powers of elevator,
rudder, and aileron, is discussed, and numerical results are shown.
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II. Mathematical Model
The mathematical model of the aircraft, used in the present study,

is represented by the following dynamic and kinematic equations5-6:

M — —— Tmr]cosacosft - CD-p(vsM)2S -mgsiny
ITl Vy I Z,

= q- —— - (/?cosocosp|_

+ CL-p(vsM)2S - mg cos IJL cos y)

mvsM

mvsM

+ mg sin /z cos y + p sin a — r cos or

q =
(1)

0 = p + g sin 0 tan 0 -h r cos 0 tan 0

9 = q cos 0 — r sin 0

VT = (# sin (j> + r cos 0)sec 9

x = vsMcosy cos/

y = vyM cosy sinx

z = —VyMsiny

Here the body-fixed frame axes are assumed to coincide with the
principal axes of inertia of the aircraft.

In Eq. (1), the Mach number is used as a variable since it natu-
rally scales the velocity to be the same order of magnitude as the
remaining variables, which is a useful property to take advantage of
when solving an optimization problem.

In the right-hand sides of Eqs. (1) appear wind axes orientation
variables x, y and JJL. They are dependent on the state variables 0, 0,
i/s,ct, and ft and can be determined using the following equations6:

sin y = cos a cos P sin 0 — sin ft sin 0 cos 0

— sin a cos ft cos 0 cos 9

1
sinx = [cos a cos f> cos 9 sin ty

cosy

+ sin ft (sin 0 sin 9 sin ̂  + cos 0 cos VO

+ sin a cos ft (cos 0 sin 9 sim/r - sin 0 cos i/r)]

(2)

sin/x =
1 - (sin 9 cos a sin /? + sin 0 cos 0 cos /3

cosy

— sin a sin ft cos 0 cos 0)
Equations (1), in combination with kinematical relations (2), con-

stitute a full six-degree-of-freedom model of aircraft, used in the
present trajectory optimization study.

The coefficients of aerodynamic forces and moments acting on
the aircraft are very complex functions, each depending on the an-
gles a and ft and body angular rates p, q, and r, as well as the
Mach number, altitude, and deflections of all of the aerodynamic
control surfaces. However, analyses of aerodynamic data for the
HARV show that many of these dependencies can be neglected for
the problem considered. For example, because the maneuvers of

interest are short, Mach number does not change significantly dur-
ing the maneuvers. Thus, all of the aerodynamic coefficients can be
calculated for a fixed Mach number.

The database for the HARV allows the right and left aerodynamic
controls to be operated independently. This capability was not ex-
ploited in order to reduce the complexity of this study. In the prob-
lems examined here, the left and right elevator and left and right rud-
der deflections are of equal magnitude and in the same direction. The
left and right aileron deflections are of equal magnitude and in oppo-
site directions, with a positive Ba generating negative roll moment.

The aerodynamic coefficients for the HARV are available in the
form of table lookups, the data being given at a certain set of grid
points within the intervals ft e (—20 deg, +20 deg) and a e (—10
deg, +90 deg). For the present optimization problem of interest,
analytical functions for aerodynamic coefficients are developed. All
of the six aerodynamic coefficients are represented as analytical
functions ofa,ft,p,q,r,8e,8a, and 8r. The functions are generated
by using least-square fitting software to match the graphs of the
HARV database generated specifically for the aircraft in the landing
configuration of interest at M = 0.2 and sea level altitude. For these
conditions, all of the flaps and ailerons were used, with trailing-edge
flaps deflected down 45 deg, leading-edge flaps down 17.6 deg, and
both the right and left ailerons down 42 deg. The landing gear is in
the down position.

An accurate representation of the aerodynamic coefficients can
be obtained if the following functional dependencies are assumed.

1) Drag coefficient:

CD =

0.0013o2-0.00438o
+0.1423,
-0.0000348o2 + 0.0473o
-0.3580,

-5 < a < 20

20 < a < 40

(3)

2) Side force coefficient:

CY = -0.0186£ + — (-0.00227a +0.039)2,0
o

+ _L(_0.00265a + 0.141)

3) Lift coefficient:

0.0751a + 0.01445,
+0.732,
-0.00148<x2 + 0.1
+0.01445, + 0.569,

4) Roll-moment coefficient:
Ci = Ci(a, ft) - 0.0315/7 + 0.0126r

-5 < a < 10

10 < a < 40

(4)

(5)

+ ^(0.00121a - 0.0628) - ~(0.000351a - 0.0124) (6)

where

(<*,/*) =
f (-0.000120; - 0.00092)£, -5 < a < 15
{ (0.00022a - 0.006)£, 15 < a < 25

5) Pitch-moment coefficient:

Cm = -0.004370- - 0.01965, - 0.123? - 0.1885

6) Yaw-moment coefficient:
p

Cn = Cn(a, ft) - 0.0142r + -^(0.000213o- + 0.00128)

(7)

(8)

—(0.000804o-0.0474) (9)

where
f 0.00125^6, -5 < o < 10

CB(a, ft) = | (-0.000220 + 0.00342)£, 10 < a < 25 (10)
[ -0.00201£, 25 < o < 35
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In Eqs. (3-10), all angles and control surface deflections are in
degrees and angular rates are in radians per second. All functions
are continuous.

The basic properties of the HARV for a combat configuration
used in present study are

S = 400 ft2

b = 37.42 ft
c= 11.52 ft
Tm = 11,200 Ib

w = 1036 slug
Ix =23,000 slug ft2

Iy = 151,293 slug ft2

Iz = 169,945 slug ft2

All of the atmospheric properties (p, vs,...) are determined at sea
level conditions.

III. Problem of Interest
It is generally agreed that a successful landing of an aircraft re-

quires the approach to be stabilized well before touchdown. This
requirement is particularly important for landing on an aircraft car-
rier. Consequently, it is desired to be aligned with the centerline of
the landing deck, be at proper approach speed, and be on glide slope
at some minimum distance from the touchdown point. Furthermore,
one would like to be able to return to these conditions if one is dis-
placed from them. The problem of interest in this paper deals with
recovering from a lateral offset position during a power approach
to an aircraft carrier landing. Two important aspects of the problem
that are of interest are 1) determining the control requirements and
subsequent maneuver that would perform this so-called lateral ma-
neuver in an optimal fashion (without pilot technique influencing
the results) and 2) determining how changes in control power about
the three aircraft axes affect the results.

To be more specific, we would like to determine the maximum
lateral offset that can occur at a specified distance from the landing
deck and still permit a return to the desired approach conditions for
a proper safe landing. Aircraft outside this limit would be "waived
off." Equivalently, the problem can be stated as follows: For a given
offset condition, minimize the downrange distance required to re-
turn to the desired approach conditions, on line, on glide slope, and
on speed.

Unfortunately, this particular formulation can lead to unwanted
results. For example, the aircraft could essentially reverse its di-
rection and obtain negative downrange distances. To avoid these
difficulties, we choose to attack a similar problem: for a given offset
condition, find the minimum time to return to the conditions of a
desired approach. It will be demonstrated later that the minimum
time and the local minimum downrange distance solutions are not
exactly the same, but they are sufficiently close for the offset dis-
tances included in this paper. Hence, it is practically equivalent to
minimize time or downrange distance.

Two classes of such minimum time lateral maneuvers are included
in this paper. These are 1) an unconstrained maneuver and 2) a
maneuver, with bank-angle and sideslip-angle constraints imposed.

The unconstrained maneuver is of interest so that we can find
the largest offset from which the aircraft can return to continue
for a successful landing with the available controls. We are also
interested in the characteristics of the optimal trajectory and the
switching nature of the control histories.

The constrained maneuver is investigated to reflect practical lim-
itations on the power-on-approach-to-landing portion of the flight.
During the approach-to-landing phase of flight, large displacements
in roll and/or sideslip are not desirable since such maneuvers can
easily get out of control or cause vertigo in the pilot. Here we will
restrict the bank angle to 30 deg and the sideslip angle to 6 deg to re-
strict the motions required for recovery from a lateral displacement
to what are considered small corrections.

IV. Optimal Control Problem
The mathematical model of the aircraft is represented by Eqs. (1)

and (2).
The state variables of the system are given by

The control variables of the system are given by

u = [r],8e,8r,8a]T

and subject to the following magnitude limits:
ri(t) €[0.0,4-1.0]

8e(t) 6 [-24 deg,+10.5 deg]

ft-(Oe [-30 deg,+30 deg]

ft, (Oe [-25 deg,+25 deg]

(12)

(13)

Note that the aileron deflections are measured relative to the drooped
position for landing.

In addition, the controls have the following rate limits:

(14)

<0.55deg/s

Ift. (01 <40deg/s
lf t-(OI<56deg/s

I ft, (01 < 100deg/s

The maneuvers of interest are initiated from steady-state, power-
on-approach, symmetric flight with glide slope y0= — 3.5 deg.
The initial conditions of the system can be obtained by assuming
symmetric steady-state flight and solving the following equations at
Mach number = 0.2 for the values of the variables a, 8e, and rj:

Tmr) cos GL - CD±p(vsM)2S - mg sin y0 = 0

Tmr] sine* + CL\p(vsM)2S - mg cos y0 = 0 (15)

Here, the thrust is assumed to pass through the center of gravity of
the aircraft.

The solutions to Eq. (15) are then obtained as «0 = 9.96, 8eQ = m —
1 1.86, and 770 = 0.254. Hence the initial values of the state variables
are all zero except for

M (0) = 0.2

a(0) = 9.96

0(0) = 6.46

The initial values of the control variables are

(16)

= [0.254, -11. 86,0, Of (17)

During the maneuver, the aircraft transitions from steady-state,
power-on-appproach, symmetric flight condition to steady-state,
power-on-approach, symmetric flight in the same glide-slope plane
shifted laterally by a specified offset distance. Thus, the final condi-
tions for the maneuver can be formulated in the following equality
constraint form:

y(tf) - ?/ = 0

y(f/)-yo = o

(18)

a(tf) - a0 = 0

p(tf) = 0, p(tf) = 0

X = [M, a, p, p, q, r, 0, 0, V, *, v, z]7
(ID r(tf)=0
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The performance indices for the minimum time and the minimum
downrange distance problems are given by

ftf
Jt= I 1 d/ = ;

Jo

Jd =
(19)

vsM cos y cos x dt = JT(J/)

The optimal control problem of interest is that for the system
(1) and (2), we want to find the controls, satisfying the constraints
(13) and (14), to guide the system from the initial conditions (16)
and (17) to the final conditions (18) in minimum time. This is the
statement for the unconstrained lateral maneuver of interest. For the
constrained maneuver, we impose the following additional inequal-
ity constraints on the trajectory:

(20)
10(01 < 6 deg

To obtain solutions to this difficult optimal control problem, we
resort to the GESOP code. The code implements the optimization
by using either PROMIS or TROPIC, which employ different tech-
niques to transform optimal control problems into finite dimensional
nonlinear programming problems (NLP). PROMIS uses multiple
shooting with numerical integration, whereas TROPIC uses an in-
tegration by direct collocation method. Both allow one to include
control rate limits in addition to control magnitude constraints. De-
tails on these methods can be found in Refs. 7-12.

V. Numerical Results
A. Unconstrained Maneuver

Typical minimum time solutions for the two classes of lateral ma-
neuvers of interest are presented. The first type is the unconstrained
maneuver that is characterized by the formulation of Eqs. (1), (2),
(13), (14), and (16-18) and the first performance index in Eq. (19)
with no constraints imposed on the trajectory.

As we mentioned before, we are interested in minimum down-
range distance solution, and so for the offset condition yf = 100 ft,
we solved both the minimum time and the minimum distance prob-
lems and found 1) the trajectory and switching nature of aerody-
namic controls are almost the same and 2) differences of the thrust
histories exist between these two optimal control problems.

Figure 1 shows the engine thrust histories for the minimum time
and the minimum distance problems. The solid line in Fig. 1 repre-
sents the thrust history rjt (t) of the time-optimal problem. As one
can see, the switching nature of the thrust rate is "Bang-Bang." At
the beginning, the aircraft increases the thrust at the maximum rate,
keeping the speed as high as possible, then reduces the thrust at max-
imum rate, making the speed satisfy the final conditions. The dashed
line represents the thrust history r]d(t) of the minimum downrange
solution. There is a tradeoff, actually, in one aspect; the aircraft tries
to reduce the speed to minimize the distance. On the other hand, the

1.0

. 0.6

O 0.4

O
B
& 0.2

time (sec)
Fig. 1 Fraction of maximum thrust vs time.

aircraft wants to increase the speed, making the system respond to
controls fast, resulting in a short downrange distance. As a result
of the initial reduction in engine thrust, the aircraft tends to drop
below the glide slope more than for the minimum time problem.
Consequently, it was felt that minimum distance solutions were less
safe than the minimum time solutions.

The time to do the minimum downrange maneuver is 0.2 s longer
but the corresponding downrange distance is 23.8 ft shorter than
those of minimum time maneuver. From the figure, one can see a
0.2-s flat region at equilibrium value of the thrust history of the min-
imum time maneuver. This is because this maneuver is 0.2 s shorter.

Generally speaking, these two maneuvers are not exactly the
same, but the results are very close. So we can deal with the minimum
time problem instead of the one of minimum downrange distance
for the offset conditions included in this paper.

Details about the time-optimal trajectory with an offset condi-
tion y/ = 100 ft are shown in Figs. 2a-2f. Since the Mach number
does not change significantly during the maneuver, the associated
trajectory is nearly a straight line and is not plotted.

The roll motion of the aircraft is shown in Fig. 2a, and the angle
of attack and sideslip information is shown in Fig. 2b. As expected,
the vehicle rolls to initiate the lateral maneuver and at the same time
increases angle of attack to increase the lift. At peak angle of attack,
the roll is reversed as quickly as possible to take out the side velocity
after which the aircraft rolls to a wings-level attitude and reduces its
angle of attack to the steady-state value. In addition, from Fig. 2a
we can observe the extremes of the motion. The vehicle bank angle
(f> and the velocity bank angle [i are almost coincident. The ranges
of these two angles are \(/>(t)\ < 70.0 deg and |/x(OI < 67.4 deg.
The roll rate history is also shown in Fig. 2a with extreme values
whose magnitude is 115 deg/s, with rapid reversals.

In addition to angle of attack, Fig. 2b shows the sideslip angle ft
and the vehicle pitch angle 0. The sideslip angle reaches the extreme
value of 15 deg, switching rapidly from positive to negative values as
the aircraft goes through its rapid roll reversal. It appears that these
large sideslip angles are developed due to the aircraft tendency to roll
around its body axis as opposed to about the velocity vector. Hence
a rapid positive roll would tend to produce a positive sideslip. This
same idea explains the nonuniform increase (and decrease) in angle
of attack observed in Fig. 2b.

Figure 2c shows the yaw motion of the aircraft along with the
flight-path angle. Of particular interest here is a comparison of the
velocity yaw and body yaw angles. The velocity yaw angle x starts
out and ends at zero, with the velocity pointing in the desired direc-
tion. During the lateral maneuver, it builds to a maximum value of
12.4 deg and then returns smoothly to zero. The shape of the curve is
very nearly symmetric with the time of the maneuver; i.e., the peak
occurs at the midpoint. The vehicle yaw angle appears to lead the
velocity yaw angle during the first portion of the maneuver and then
appears to overshoot during the final portion of the maneuver. This
phenomenon occurs due to the combination of the roll angle and
the angle of attack. A vehicle with zero sideslip and rolled 90 deg
would have a vehicle yaw angle equal to the velocity yaw angle
plus the angle of attack. The apparent overshoot occurs for the same
reason. The angle of attack causes the vehicle axis to point beyond
the desired direction before the aircraft rolls to level.

Figure 2d shows the aircraft pitch and yaw rate histories. Of partic-
ular interest here is the pitch rate activity with extremes at ± 17 deg/s,
with the rapid reversal between 2 and 3 s into the maneuver.

Figure 2e shows the recovery of the offset distance and the change
of altitude as the time histories (vi, zi). The x coordinate is not
shown here because it is virtually linear with time. If we look at the
flight-path angle curve in Fig. 2c and the altitude curve in Fig. 2e, we
can see that the aircraft drops slightly below the glide slope-plane
during the maneuver, probably not a desirable feature. It turns out
that for shorter lateral distances the aircraft actually moves above
the glide-slope as it does initially here. For the offset condition
yf = 100 ft, the downrange distance is 1246.5 ft. The Mach number
keeps nearly constant during the maneuver. The minimum time to
accomplish the maneuver is 5.3 s.

Figure 2f shows the aerodynamic control histories that generate
the mentioned roll, pitch, and yaw motions. It can be observed that all
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controls reach their limits at one time or another. Also in almost all
cases the controls are moving at their rate limits. The ailerons are
always at their rate or physical limits. Furthermore, the aileron be-
havior shows three switches (sign changes) during the maneuver.
The elevator shows short non-rate-limited behavior at both the be-
ginning and end of the maneuver. Otherwise all motion is rate lim-
ited or at the physical limits. One can notice that the second peak
in the elevator deflection curve is not at its limit but is the intersec-
tion of two rate-limited segments. Finally with regard to the elevator
one can note the rapid down-up-down elevator command that occurs
between 1 and 5 s into the maneuver. One would not expect a pilot to
provide this kind of input during a carrier approach, but it is optimal.

.to
8"
T^

CO
CD

03 o
^%

"O
03

O -10

-20
4 5

time (sec)

Fig. 2d Pitch and yaw rates q and r vs time.

time (sec)
Fig. 2e Trajectory coordinates y and z vs time.

time (sec)
Fig. 2f Aerodynamic controls vs time.

B. Constrained Maneuver
The second type of lateral maneuver of interest is the constrained

one. In addition to the formulation of the unconstrained maneuver,
we impose additional constraints (20) on the trajectory. Details of
the solutions for the constrained optimal trajectory with the same
offset condition yf = 100 ft are shown in Figs. 3a-3e.

Figure 3a shows the roll motion of aircraft during the maneuver.
The basic properties are the same as those in Fig. 2a, but the bank
angle 0 and velocity bank /z are confined to the range ±30 deg,
whereas those of unconstrained maneuver are approximately two
times bigger.

Pitch motion of aircraft is shown in Fig. 3b from which one can
see that a slight difference exists from the unconstrained maneuver.
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Fig. 3b Angles a and (3 and 9 vs time.
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Fig. 3c Angles 7 and x an^ V* vs time.

The aircraft pitches up, while rolling to the positive limit, obtaining
more lift to recover the offset distance, then pitches down, while
rolling back, and then pitches up again, while rolling to the negative
limit, obtaining more lift to slow down the ongoing offset movement.
The angle of attack reaches the extreme value of 20 deg. The pitch
rate is shown in Fig. 3d with the extreme values whose magnitude
is 22 deg/s, with rapid reversals. One can notice that the extremes
of pitch rate and angle of attack are bigger than those of the uncon-
strained maneuver (Figs. 2b and 2d). The reason for this is that since
the constraints on bank and sideslip are imposed on the trajectory,
the aircraft needs to make better use of unconstrained pitch motion
to perform the lateral maneuver. With bigger pitch rate and then the

^ 20

73

I
•o
05

4 5

time (sec)
Fig. 3d Pitch and yaw rates q and r vs time.

30

20

c 10oo
.— 0

03
E -10

CD -20cd

time (sec)
Fig. 3e Aerodynamic controls vs time.

bigger angle of attack, the aircraft obtains more lift that can be used
to recover the offset distance even with limited roll motion.

The properties of yaw motion shown in Fig. 3c are similar to
those of the unconstrained maneuver. The corresponding yaw rate
is shown in Fig. 3d. The offset distance recovery and the change
of altitude are shown with those of the unconstrained maneuver in
Fig. 2e as the time histories (y2, 22)- From the figure, one can see
that, different from the unconstrained maneuver, the aircraft goes
up slightly above the glide-slope plane during the maneuver. This
is because of the relatively bigger pitch rate and angle of attack
in performing this lateral maneuver. The downrange distance of the
maneuver is 1386.8 ft, which is 140.3 ft longer than that of the uncon-
strained maneuver. The minimum time to accomplish the maneuver
is 5.9 s, compared with 5.3 s for the unconstrained maneuver.

Figure 3e shows the aerodynamic control histories that generate
the roll, pitch, and yaw motions. Nothing is new to the switching
nature of elevator and rudder histories. For the roll channel, since
the bank angle is limited to ±30 deg, it is not necessary to deflect
the aileron to maximum magnitude all of the time. Thrust control is
of the same configuration as that of unconstrained maneuver.

To determine the lateral offset limit that can occur at a specified
distance from the landing deck and still permit a return to the desired
approach conditions for a proper safe landing, we solved a series of
unconstrained and constrained optimal control problems for several
specified offset conditions and obtained the corresponding down-
range distances that are needed for a recovery in minimum time.
Figure 4 shows these limits. Aircraft inside these limits will be able
to recover from a lateral offset position and continue to the desired
approach conditions for a successful landing.

We are interested in determining how changes in the control power
of each aerodynamic surface affect the results. The control power
here is defined as the moment generated per unit control surface
deflection about that axis. To answer this question, we change the
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D—— constrained
unconstrained

300 500

offset distance (feet)
Fig. 4 Limits to recover from a lateral offset position.

aileron
rudder
elevator
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control power percentage
Fig. 5 Effects of control powers (unconstrained).

80 90 100 110 120

control power percentage
Fig. 6 Effects of control powers (constrained).

control powers of elevator, rudder, and aileron individually, by 25%,
and solve the corresponding optimal control problems for the lat-
eral offset condition yf = 100 ft. The results are shown in Fig. 5 for
unconstrained maneuvers and in Fig. 6 for constrained maneuvers.

From Fig. 5, one can see, for unconstrained maneuvers, that the
downrange distances needed to recover from the specified offset
position are not linear with the changes of control power for each
of the aerodynamic surfaces. Since no constraint is imposed on the
bank, full use of the aileron is made in performing the maneuvers.
As expected, the changes of the control power of the aileron affect
the results significantly. Compared with the aileron, the effects of the
control powers of the elevator and the rudder are small. More specif-
ically, changing control power by 25%, the change of downrange

distance is approximately 65 ft for the aileron, 12 ft for the elevator,
and only 4 ft for the rudder.

The results for constrained maneuvers are shown in Fig. 6 from
which one can see that the downrange distances needed to perform
the maneuvers are almost linear with the changes of control power
for all of the aerodynamic surfaces. The control power of the aileron
still affects the results the most but not as significantly because the
constraints on the bank and the sideslip are imposed on the trajectory.
The rudder and the elevator become more important in constrained
maneuvers but reverse their importance from unconstrained maneu-
vers, the effect of the control power of the rudder coming second
instead of last. Numerically, increasing control power by 25%, the
downrange distance is reduced by 33.7 ft for the aileron, by 19.7 ft
for the rudder, and by 11.5 ft for the elevator.

We also studied the control power effects for different offset con-
ditions. The results show that the changes of downrange distance due
to the changes of the control powers are almost the same at different
offset conditions.

VI. Conclusions
Based on a full six-degree-of-freedom model, two classes of lat-

eral maneuvers for an aircraft during power-on-approach-to-landing
portion of flight have been studied. The lateral offset limits of in-
terest, which can occur at a specified distance from the landing
deck and still permit a return to the desired approach conditions for
a proper safe landing, have been numerically determined for un-
constrained and constrained maneuvers. The effects of the control
powers of aileron, rudder, and elevator on the downrange distance
for some specified offset conditions have been studied individually.
Corresponding results are shown. This work also shows that it is
possible to use the GESOP code, combined with certain engineer-
ing techniques, to analyze and solve optimal control problems for
highly complex dynamic systems.
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